
Řešeńı 2. zadané úlohy - Jakub Kákona

1. Výpočet pomoćı Jordanova kanonického tvaru

Vı́me, že vlastńı č́ısla matice A jsou kořeny charakteristického polynomu

det(λI − A) = (λ− 1)(λ− 2)(λ− 2)

Vlastńı č́ısla potom jsou λ1 = 1, λ2 = 2, λ3 = 2 .

Dvojka je algebraicky násobným kořenem, proto může mı́t i geometrickou násobnost větš́ı
než 1.

Cλ23 = dimA− h(λI − A) = 3− h

 1 −4 −10
0 0 0
0 0 0

 = 2⇒ J =

 1 0 0
0 2 0
0 0 2


Geometrická násobnost je proto také 2.

Výpočet vlastńıch vektor̊u nálež́ıćıch vlastńım č́ısl̊um.

(λ1I − A)v1 = 0

 0 −4 −10
0 −1 0
0 0 −1

 v1 = 0⇒ v1 =

 1
0
0



(λ2I − A)v2 = 0

 1 −4 −10
0 0 0
0 0 0

 v2 = 0⇒ v2 =

 10
0
1



(λ3I − A)v3 = 0

 1 −4 −10
0 0 0
0 0 0

 v3 = 0⇒ v3 =

 4
1
0


Transformačńı matice vytvořená z vlastńıch vektor̊u

P = [v1, v2, v3]

 1 10 4
0 0 1
0 1 0


Jej́ı inverze je

P−1 = [v1, v2, v3] =

 1 −4 −10
0 0 1
0 1 0



eAt = PeAtP−1 =

 1 10 4
0 0 1
0 1 0


 et 0 0

0 e2t 0
0 0 e2t


 1 −4 −10

0 0 1
0 1 0

 =

=

 et −4et + 4e2t −10et + 10e2t

0 e2t 0
0 0 e2t

 =

 1 −4 −10
0 0 0
0 0 0

 et +

 0 4 −10
0 1 0
0 0 1

 e2t
Metoda s použit́ım Laplaceovy transformace:

eAt = L−1(sI − A)−1

(sI−A)−1 =

 s− 1 −4 −10
0 s− 2 0
0 0 s− 2


−1

= 1
(s−1)(s−2)2

 (s− 2)2 −4(s− 2) −10(s− 2)
0 (s− 1)(s− 2) 0
0 0 (s− 1)2


−1

=

=

 1 −4 10
0 0 0
0 0 0


−1

1
s−1

+

 0 4 −10
0 1 0
0 0 1


−1

1
s−2

1



Z toho pak

eAt = L−1


 1 −4 10

0 0 0
0 0 0


−1

1
s−1

+

 0 4 −10
0 1 0
0 0 1


−1

1
s−2

 =

=

 1 −4 −10
0 0 0
0 0 0

 et +

 0 4 −10
0 1 0
0 0 1

 e2t
2. Dosazeńım definičńıch matic systému źıskáme rovnice tvaru: ẋ = Ax, y = Cx Provedeńım

Laplaceovy transformace pak sX − x0 = AX, Y = CX

Z toho vyjádř́ıme X = (sI − A)−1x0, Y = C(sI − A)−1x0.

Y =
[

1 −1 1
] 

1
s+1

1
(s+1)2

0

0 1
s+1

0

0 0 1
s−2

x0 =
[

1
s+1

−s
(s+1)2

1
s−2

]
x0

L{(te−t)} = −s
(s+1)2

X =


1

s+1
1

(s+1)2
0

0 1
s+1

0

0 0 1
s−2

x0

Stav x(0) pro který bude platit požadovaná podmı́nka je

 1
1
0


3. Požadavkem je konstantńı stav x0 proto dosad́ıme: x0 = Ax0 +Bu(k) z toho (I −A)x0 =
Bu(k)

X =

([
1 0
0 1

]
−
[

1 0
0 1

]) [
−2
1

]
=

[
1
2

]
u(k)[

1
2

]
=

[
1
2

]
u(k)→ u(k) = 1(k)

Potřebná sekvence vstup̊u pro splněńı podmı́nek odpov́ıdá jednotkovému skoku.

4. Řešeńım charakteristického polynomu matice A źıskáme jej́ı vlastńı č́ısla. Jsou ale ovšem
ryze komplexńı λ1 = −i, λ2 = +i, λ34 = 0.

Matice vlastńıch vektor̊u proto nabývá tvaru: P =


−0.3162 −0.3162 0 0

0 + 0.3162i 0− 0.3162i 0 0
0 + 0.6325i 0− 0.6325i 1 1

0.6325 0.6325 0 0


Matici podobnou matici A pak źıskáme z definice

∼A = PAP−1

2


